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REPRESENTATIONS OF EPI-LIPSCHITZIAN SETS
MARC-OLIVIER CZARNECKI AND ANASTASIA NIKOLAEVNA GUDOVICH
Abstrat. A losed subset M of a Banah spae E is epi-Lipshitzian, i.e.,
an be represented loally as the epigraph of a Lipshitz funtion, if and only
if it is the level set of some loally Lipshitz funtion f : E → R, wih Clarke's
generalized gradient does not ontain 0 at points in the boundary of M , i.e.,
suh that:
M = {x | f(x) ≤ 0},
0 6∈ ∂f(x) if x ∈ bdM.
This extends the haraterization previously known in nite dimension and
answers to a standing open question
1. Introdution and results
A subset M of a Banah spae E is epi-Lipshitzian (or epi-Lipshitz) at a point
x ∈ M if it an be represented as the epigraph of a Lipshitz funtion in some
neighborhood of x. Preisely
Denition 1. Let M be a subset of a Banah spae E, and let x ∈M . The set M
is epi-Lipshitzian at x if and only if there exists a neighborhood U of x, a Banah
spae F , a Banah isomorphism A : E → F × R and a map Φ : F → R whih is
Lipshitz around the F omponent of A(x), suh that
M ∩ U = U ∩ A−1(epiΦ),
where epiΦ = {(ξ, t)|Φ(ξ) ≤ t}.
The set M is epi-Lipshitzian if it is epi-Lipshitzian around every x ∈M .
Rokafellar [8℄ formally introdues the notion of epi-Lipshitzian sets in Banah
spaes, and preisely gives the above denition in [9℄, in nite dimension. We
stik to this denition whih is meant by the word epi-Lipshitzian, epigraph of
Lipshitz funtion. The denition an also be given at a point x /∈ M but then
requires loal losedness of M to work with.
The purpose of our paper is to give a diret and self ontent proof of the har-
aterizion of epi-Lipshitzian sets as level sets of Lipshitz funtions satisfying a
nondegeneray ondition, thus extending results previously known in nite dimen-
sion.
One of our purposes, besides answering to a standing open question, is to provide
tools for the existene of xed points and equilibria in the non onvex ase. In nite
dimension, representation as level sets permits to use an approximation method
and to obtain ner results ([4, Theorems 2.2 and 2.3℄) than with diret methods.
In innite dimension, epi-Lipshitzian sets already play a major role ([1, 6℄) in the
xed point theory. Of ourse, sine non empty epi-Lipshitzian sets have non empty
interiors, they are not ompat in innite dimension and one expets extension of
Shauder Theorem, and ertainly not of Fan-Browder theorem.
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Before stating our main result, we reall the denition of Clarke's generalized
gradient. Let f : E → R be loally Lipshitz, the generalized diretional derivative
of f at x ∈ E in the diretion v ∈ E (see [2℄) is dened by:
f0(x, v) = lim sup
y→x,t>0,t→0
f(y + tv)− f(y)
t
.
The generalized gradient of f at x is the set:
∂f(x) = {ξ ∈ E∗ | ∀v ∈ X, f0(x, v) ≥ 〈ξ, v〉}.
Theorem 1. (global representation) Let M be a losed subset of a Banah spae
E. The two following assertions are equivalent:
(i) M is epi-Lipshitzian,
(ii) there is a loally Lipshitz funtion f : E → R suh that:
(rep) (set representation) M = {x | f(x) ≤ 0},
(nd) (nondegeneray) 0 6∈ ∂f(x) if x ∈ bdM.
The proof of the impliation (i) ⇒ (ii) is given by Cwiszewski and Kryszewski
[5℄ with the signed distane funtion ∆M , dened by
∆M = dM − dE\M ,
where dM is the distane funtion to the set M. The funtion ∆M is Lipshitz with
onstant one, and Theorem 1 holds onsidering globally Lipshitz funtions instead
of loally Lipshitz funtions.
Theorem 2. [5, Proposition 3.10℄ If M ⊂ E is epi-Lipshitzian, then for all x ∈
bdM, 0 6∈ ∂∆M (x).
The impliation (ii)⇒ (i) is given in Setion 2.
Remark 1.1. Theorem 1 generalizes to the innite dimension the orresponding
nite dimensional result. The proof of the remaining impliation (i)⇒ (ii) is then
given by [3, Proposition 4.1℄ whih [5, Proposition 3.10℄ generalizes to the innite
dimension.
The lassial way to prove (ii) ⇒ (i) is as follows. Take x ∈ bdM. From the
ontinuity of f we get f(x) = 0. Then, sine 0 6∈ ∂f(x), Clarke [2, Corollary 1, p.
56℄ shows that
NM (x) ⊂ ∪λ≥0λ∂f(x),
where NM (x) denotes Clarke's normal one to M at x ∈M. It implies that NM (x)
is pointed (i.e NM (x) ∩ −NM (x) = {0}). But in nite dimension, Rokafellar
[9℄ haraterizes losed epi-Lipshitzian sets as sets having pointed normal one.
This is no longer true in innite dimension, and Rokafellar [9℄ gives the following
ounterexample:
Let M be the losed onvex subset of the Hilbert spae l2×R whih is the epigraph
of the funtion
ϕ(ξ) =
∞∑
j=1
jξ2j , where ξ = (ξ1, ξ2, ...).
M is not epi-Lipshitzian (it has an empty interior), but
NM (0) = {0l2} × R
−,
whih is learly pointed. Thus we annot follow this path to prove the impliation
(ii)⇒ (i) in innite dimension.
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Remark 1.2. Theorem 1 gives an answer to questions raised by Bader and Kryszewski
[1℄, and by Cwiszewski and Kryszewski [6℄. In [1℄, the authors raise the question
of equivalene of the then following assertions, taking M to be a losed subset of a
Banah spae E :
(i) M is epi-Lipshitzian;
(ii) ∀x ∈ bdM, NM (x) is pointed;
(iii) ∀x ∈ bdM, 0 6∈ ∂∆M (x) and TM (x) = ∂∆M (x)
−,
where TM (x) denotes Clarke's one to M at x ∈M and ∂∆M (x)
−
is the polar one
to the (Clarke) generalized gradient of ∆M at x.
They notie the impliations (i) ⇒ (ii) and (iii) ⇒ (ii). They prove the impli-
ation (i)⇒ (iii) and wonder if the impliations (ii)⇒ (i), (ii)⇒ (iii) hold. The
answer is no, in view of the ounterexample of Rokafellar. But the impliation
(iii)⇒ (i) holds, from Theorem 1. In [6, Example 3.2℄, the authors take Assump-
tion (ii) to be the denition of an epi-Lipshitzian set. Theorem 1 shows that this
is onsistent with the lassial denition.
Remark 1.3. It is sometimes neessary to onsider sets whih are only epi-Lipshitzian on
some part. Theorem 1 an be thus formulated more generally as follows.
Theorem 3. (loal representation) Let M be a subset of a Banah spae E, and
let ML ⊂M . The two following assertions are equivalent:
(i) M is epi-Lipshitzian on ML, i.e., at every point of ML;
(ii) there is an open subset U ontaining ML and a loally Lipshitz funtion f :
U → R suh that:
(rep) (set representation) M ∩ U = {x ∈ U | f(x) ≤ 0},
(nd) (nondegeneray) 0 6∈ ∂f(x) if x ∈ bdM ∩ U.
We let the reader hek that the proof of Theorem 1 (the proof given below and
the proof of [5, Proposition 3.10℄) allows to prove Theorem 3, and that, with an
Urysohn type argument, Theorem 3 implies Theorem 1.
2. Proof of Theorem 1
In this setion, we prove the impliation (ii) ⇒ (i). Our proof is a nontrivial
adaptation of the nite dimensional proof of [3, Proposition 4.4℄. In this paper, the
proof was "left to the reader." The same result appears in [7℄ as Proposition 5.1,
page 52, but the proof makes unneessary use of the nite dimensional struture,
among whih the salar produt.
For an element v ∈ E and a subset U of E, we dene (as in [7℄ and [3℄) the
funtion λv,U : E → R ∪ {−∞,∞} by
λv,U (x) = inf{t | x+ tv ∈M ∩ U}.
We assume (ii) and onsider x ∈ bdM. We now nd sets U and V, neighborhoods
of x, suh that the funtion λv,U is real valued and Lipshitzian on V, whih allows
us to write M ∩ V as the epigraph of λv,U restrited to a ertain subspae.
Sine 0 6∈ ∂f(x), by the denition of ∂f(x), and from the positive homogeneity
of the generalized diretional derivative, there exists v ∈ E suh that ‖v‖ = 1 and
f0(x, v) < 0.
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Take a real number α > 0 suh that
f0(x, v) < −α.
By denition of the generalized diretional derivative f0(x, v), there exists a real
number r > 0 suh that
(1) ∀y ∈ B(x, 2r), ∀t ∈ (−2r, 2r) \ {0},
f(y + tv)− f(y)
t
< −α.
Stritly speaking, the denition of f0(x, v) yields the above inequality for positive
real numbers t, but it is easily dedued for negative t.1 Without loss of generality,
possibly taking a smaller real number r > 0, we an assume that the funtion f
satises the Lipshitz ondition on B(x, r) with a some onstant k. Set
ε = inf
{r
4
,
αr
4k
}
.
Lemma 1. The funtion λv,B(x,r) is real-valued on B(x, ε) and
(2) ∀y ∈ B(x, ε), | λv,B(x,r)(y) |≤
r
4
.
Proof of Lemma 1. Take y ∈ B(x, ε), the set
{t | y + tv ∈M ∩B(x, r)}
is bounded from below, sine the set M ∩ B(x, r) is bounded (write |tv| ≤ |y +
tv − x| + |x − y| < r + ε) and it ontains the real number r4 , thus showing that
λv,B(x,r)(y) ∈ R.
Indeed, rst note
y +
r
4
v ∈ B(x, r)
from the inequality ‖y + r4v − x‖ ≤ ‖y − x‖ +
r
4 < ε+
r
4 < r. Using (1) we get
f
(
y +
r
4
v
)
− f(y) < −α
r
4
.
But
f(y)− f(x) ≤ k‖x− y‖
and
f(x) = 0 (sine x ∈ bdM).
Thus
f
(
y +
r
4
v
)
< −α
r
4
+ kε ≤ 0.
Hene
y +
r
4
v ∈M
and
r
4
∈ {t | y + tv ∈M ∩B(x, r)}.
Then λv,B(x,r)(y) ∈ R and
λv,B(x,r)(y) ≤
r
4
.
Now take a real number t < 0 suh that y + tv ∈ M ∩ B(x, r). Sine | t |= ‖tv‖ ≤
‖y + tv − x‖+ ‖y − x‖ < r + ε, we have | t |< 2r. From (1)
f(y + tv)− f(y) > −αt.
1
Assume that (1) to be valid for positive t, with onstant 4r. If −2r < t < 0, then y + tv ∈
B(x, 4r), (f(y + tv − tv) − f(y + tv))/(−t) < −α, i e., (f(y + tv) − f(y))/t < −α.
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But
f(x)− f(y) ≤ k‖x− y‖.
Realling that f(x) = 0 (sine bdM ⊂ {x | f(x) = 0} by ontinuity of f) and that
f(y + tv) ≤ 0 (sine y + tv ∈M), we dedue −kε− αt ≤ 0. Thus, t ≥ − r4 and
λv,B(x,r)(y) ≥ −
r
4
.

From Hahn Banah theorem, there exists a ontinuous linear map ϕ suh that
ϕ(v) = 1 and ‖ϕ‖ = 1. Set
F = Ker ϕ.
Then
E = F ⊕ Rv
and F is losed. Dene the (ontinuous) projetion on F along v
pi : E → F
y 7→ y − ϕ(y)v
Lemma 2. For every y ∈ B(x, ε) and λ ∈ R
(3) λv,B(x,r)(y + λv) = λv,B(x,r)(y)− λ.
Moreover, the funtion λv,B(x,r) is real valued on the ylinder
BF (pi(x), ε) + Rv,
where BF (a, ε) = {b ∈ F | ‖b− a‖ < ε}, and for every y in the ylinder,
y + (ϕ(x) − ϕ(y))v ∈ B(x, ε).
Proof of Lemma 2. Using denition of λv,B(x,r) we get
λv,B(x,r)(y + λv) = inf{t | y + λv + tv ∈M ∩B(x, r)}
= inf{t | y + tv ∈M ∩B(x, r)} − λ
= λv,B(x,r)(y)− λ.
Now we must only prove that if y ∈ BF (pi(x), ε)+Rv, then y+(ϕ(x)−ϕ(y))v ∈
B(x, ε) whih nishes the proof of Lemma 2 in view of (3). Indeed, y = yF + tv,
with yF ∈ BF (pi(x), ε). By uniqueness of deomposition, we have
yF = pi(y) = y − ϕ(y)v
t = ϕ(y)
and ‖y − ϕ(y)v + ϕ(x)v − x‖ = ‖yF − pi(x)‖ < ε. 
Lemma 3. For every y ∈ BF (pi(x), ε) + Rv
y + λv,B(x,r)(y)v ∈ bdM ∩B
(
x,
r
2
)
.
Proof of Lemma 3. From the denition of λv,B(x,r) it follows that λv,B(x,r)(y) =
limn→∞ tn with y + tnv ∈M ∩B(x, r), and sine the set M is losed, we have
y + λv,B(x,r)(y)v ∈M.
Now we show that
y + λv,B(x,r)(y)v ∈ B
(
x,
r
2
)
.
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Indeed,
‖y + λv,B(x,r)(y)v − x‖ = ‖y − ϕ(y)v − (x− ϕ(x)v) + (λv,B(x,r)(y) + ϕ(y)− ϕ(x))‖
= ‖pi(y)− pi(x) + λv,B(x,r)
(
y + (ϕ(x) − ϕ(y))v
)
v‖
< ε+ | λv,B(x,r)
(
y + (ϕ(x) − ϕ(y))v
)
| .(4)
From Lemma 2 it follows that y + (ϕ(x) − ϕ(y))v ∈ B(x, ε), so Lemma 1 implies
that
| λv,B(x,r)(y + (ϕ(x) − ϕ(y))v) |≤
r
4
.
Hene,
‖y + λv,B(x,r)(y)v − x < ε) +
r
4
≤
r
2
.
The proof of Lemma 3 is nished by notiing (the onverse easily leads to a on-
tradition) that
y + λv,B(x,r)(y)v 6∈ intM. 
Lemma 4. The funtion λv,B(x,r) is Lipshitz on the ylinder BF (pi(x), ε) + Rv.
Proof of Lemma 4. Take y and z in the ylinder. Set
y′ = y + (ϕ(x) − ϕ(y))v,
z′ = z + (ϕ(x) − ϕ(z))v.
From Lemma 2, the elements y′ and z′ belongs to B(x, ε). Hene
‖z′ − y′‖ ≤ 2ε,
and, in view of Lemma 1,
λv,B(x,r)(y
′) ≤
r
4
.
Consequently,
y′ +
(
λv,B(x,r)(y
′) +
k
α
‖z′ − y′‖
)
v ∈ B(x, r),
z′ +
(
λv,B(x,r)(y
′) +
k
α
‖z′ − y′‖
)
v ∈ B(x, r).
Further, sine f is k-Lipshitz on B(x, r), we get
(5) f
(
z′ +
(
λv,B(x,r)(y
′) +
k
α
‖z′ − y′‖
)
v
)
− f
(
y′ +
(
λv,B(x,r)(y
′) +
k
α
‖z′ − y′‖
)
v
)
≤ k‖z′ − y′‖.
The point y′ belongs to the ylinder, and by Lemma 3,
y′ + λv,B(x,r)(y
′) ∈ bdM ∩B(x, r).
On the other hand,
k
α
‖z′ − y′‖ ≤ r, and by (1) we obtain
(6) f
(
y′ +
(
λv,B(x,r)(y
′) +
k
α
‖z′ − y′‖
)
v
)
≤ f
(
y′ + λv,B(x,r)(y
′)
)
− k‖z′ − y′‖ ≤ −k‖z′ − y′‖.
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Adding (5) and (6) we get
f +
(
z′ +
(
λv,B(x,r)(y
′) +
k
α
‖z′ − y′‖
)
v
)
≤ 0.
Thus,
z′ +
(
λv,B(x,r)(y
′) +
k
α
‖z′ − y′‖
)
v ∈M.
Sine z′ +
(
λv,B(x,r)(y
′) + k
α
‖z′ − y′‖
)
v ∈ M ∩ B(x, r), from the denition of
λv,B(x,r) we get
λv,B(x,r)(z
′) ≤ λv,B(x,r)(y
′) +
k
α
‖z′ − y′‖.
But, in view of Lemma 2,
(7) λv,B(x,r)(y
′) = λv,B(x,r)(y) + ϕ(y)− ϕ(x),
(8) λv,B(x,r)(z
′) = λv,B(x,r)(z) + ϕ(z)− ϕ(x).
Note that
‖z′ − y′‖ ≤ ‖z − y‖+ | ϕ(z)− ϕ(x) |,
and | ϕ(z)− ϕ(x) |≤ ‖z − y‖ sine ‖ϕ‖ = 1.
Now, subtrating (7) from (8) we obtain
λv,B(x,r)(z) ≤ λv,B(x,r)(y) +
(
1 +
2k
α
)
‖z − y‖.
The onverse inequality is proved by exhanging y and z. 
Lemma 5.
M ∩B(x, ε) = {y ∈ B(x, ε) | λv,B(x,r)(y) ≤ 0}
= {y ∈ B(x, ε) | λv,B(x,r)(y − ϕ(y)v) ≤ ϕ(y)}.
Proof of Lemma 5. In view of Lemma 2,
λv,B(x,r)(y − ϕ(y)v) = λv,B(x,r)(y) + ϕ(y)
and we only prove the rst equality.
Take. y ∈M ∩B(x, ε), then
0 ∈ {t | y + tv ∈M ∩B(x, r)}
and λv,B(x,r)(y) ≤ 0.
Conversely, take y ∈ B(x, ε) suh that λv,B(x,r)(y) ≤ 0. From Lemma 1, | λv,B(x,r)(y) |≤
r
4 and y + λv,B(x,r)(y)v ∈ B(x, r). Applying (1) at the point y + λv,B(x,r)(y)v we
get
f(y) ≤ f(y + λv,B(x,r)(y)v)− α(−λv,B(x,r)(y)) ≤ 0.
But, by denition of λv,B(x,r)(y) -whih, in view of Lemma 1 is real valued sine
y ∈ B(x, ε)- and sine the set M is losed, y + λv,B(x,r)(y)v ∈ M and f(y +
λv,B(x,r)(y)v) = 0. Thus f(y) ≤ 0, i.e., y ∈M. 
We dene the linear map
A : E → F × R
y 7→ (y − ϕ(y)v, ϕ(y)).
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Clearly, A is ontinuous, invertible map and the inverse map A−1, whih is given
by A−1(x, t) = x+ tv, is ontinuous.
Let Φ : F → R be a Lipshitz funtion suh that for all y ∈ BF (pi(x), ε),
Φ(y) = λv,B(x,r)(y).
The proof of the impliation (ii)⇒ (i) of Theorem 1 is nished with the following
lemma.
Lemma 6. M ∩B
(
x, ε2
)
= B
(
x, ε2
)
∩A−1(epiΦ).
Proof of Lemma 6. It is a straightforward onsequene of Lemma 5 and of
the denition of the linear map Φ, if we notie that, for every y ∈ B(x, ε2 )
‖pi(y)− pi(x)‖ = ‖y − ϕ(y)v − (x− ϕ(x)v)‖ ≤ 2‖x− y‖ < ε.
Further, if y ∈ M ∩ B(x, ε2 ), then Lemma 5 implies that λv,B(x,r)(pi(y)) ≤ ϕ(y).
Sine pi(y) ∈ BF (pi(x), ε) then Φ(y) = λv,B(x,r)(pi(y)). Hene,
A(y) = (pi(y), ϕ(y)) ∈ epiΦ,
i.e. y ∈ A−1(epiΦ).
Conversely, if y ∈ B(x, ε2 ) ∩ A
−1(epiΦ), then pi(y) ∈ BF (pi(x), ε) and
λv,B(x,r)(pi(y)) = Φ(pi(y)) ≤ ϕ(y). Hene, y ∈M by Lemma 5. 
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